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Abstract

Let p, g be two distinct odd primes, and let m,n be non-
negative integers. We consider a family of binary se-
quences defined by generalized cyclotomic classes modulo
pmtlgntl The first contribution is to determine their
linear complexity, which improves certain results of Hu,
Yue and Wang. The second contribution is to compute
the autocorrelation values. Results obtained indicate that
such sequences are ‘good’ from the viewpoint of cryptog-
raphy.

Keywords:  Autocorrelation Value; Generalized Cyclo-
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1 Introduction

The theory of cyclotomy is widely applied in cryptogra-
phy. A typical application is the design of pseudorandom
sequences or numbers. By defining the (generalized) cy-
clotomic classes modulo an integer, families of pseudoran-
dom sequences can be designed with the desired crypto-
graphic features. The classical examples are the Legendre
sequences that derived from cyclotomic classes modulo an
odd prime and the Jacobi sequences that derived from
generalized cyclotomic classes modulo the product of two
odd distinct primes. Attention is also paid to the gener-
alized cyclotomic classes modulo a general number in the
literature, see e.g., [1-5,9,11,12].

At the beginning of this decade, Hu, Yue and Wang [6]
introduced families of binary sequences via defining

generalized cyclotomic classes modulo N, where N =
p™ g™t for two distinct odd primes p and ¢ and non-

negative integers m and n. Let

(p—Lg—1)= (¢ ("), ¢ (")),
o (p" ) ¢ (¢"t)

e = B

d

where ¢ denotes the Euler function. Let g be a common

d =

primitive root of p™*1 and ¢"*!, and let = be an integer
satisfying
r=g (mod p™*), z=1 (mod ¢"*).
Define
Gi={g°2":s=0,1,--- ,e—1}, i=0,1,---,d—1

Then
d—1
Z;m+1qn+1 - U GL
=0

ForOo<a<m+land0<b<n+1,let

paquia lfagmabgnaOSZSdfla
Glab) _ prq" 7%, if a<m, b=n+1,i=0,
i) pmtigtzy, if a=m+1,b<n, i=0,

{0},

Then Hu, Yue and Wang [6] introduced the binary se-
quence s*° of period N by setting

if a=m+1,b=n+1,i=0.

1, if (jmodN)
%71 0, otherwise,

where €, usually called the characteristic set or support
set of s°°, is selected as

€ Q, (1)

m—+1n+1

- YU U a

a=0 b=0i€l, ;
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for
0,1,---.,d
Loc{ fo

They developed a way to compute the linear complexity
(see the notion below) of s*. However, it seems difficult
to determine the exact values due to the choice of I,
see [6, Thm.2.5]. Motivated by this reason, we will only
choose a special I, as follows and consider the linear
complexity and autocorrelation (see the notion below) of
the special binary sequence:

{17375a"' 7d_1}a
if 0<a<mandO0<b<n,

-1},

if a<m, b<n,
otherwise.

(2)

3)

R if 0<a<m+landb=n+1,

{0},

if a=m+1land0<b<n.

We remark that, results of autocorrelation of such se-
quences have not been reported in the literature. We
organise this work as follows. In Section 2 we prove
the linear complexity of sequence defined in Equation (1)
with I,; in Equation (3) and compute its autocorrela-
tion values in Section 3. Finally we draw a conclusion
in Section 4. We conclude this section by introducing
the notions of linear complexity and autocorrelation of
sequences.

The linear complexity is an important cryptographic
characteristic of sequences and provides information on
predictability and thus unsuitability for cryptography.
Let F be a field. For a T-periodic sequence s> over I, the
linear complexity L(s*) of the sequence s> is defined to
be the length of the shortest linear feedback shift regis-
ter that can generate the sequence, which is the smallest
nonnegative integer L satisfying

St = €18¢—1 + C2S¢—o+ -+ cpsg_yp forallt > L,

where constants cq,--- ,cp, € F. Let

s(X)=s0+ s X+ +sp 1 X1 € F[X],
which is called the generating polynomial of s*°. Then

the linear complexity over F of s* can be computed as
L(s) -1, s(X))), (4)

which is the degree of the characteristic polynomial,
xT—1

ged(XT—1, s(X))?

lation value Cs(w) of the sequence s>

by

=T — deg (gcd(XT

of the sequence. Moreover, the autocorre-
at shift w is defined

where 1 <w < T — 1. See, e.g., [3] for details.

2 Linear Complexity

In this section, we will determine the exact values of the
linear complexity of the binary sequences defined in Equa-
tion (1) with I, in Equation (3). Our result is the fol-
lowing.

Theorem 1. Let s be the N-periodic binary sequence
defined as in Equation (1) with I, in Equation (3) for
defining ). Then the linear complezity of s> satisfies

D" 1)

2
- Aczm(JUmJr1 -1)-1

(pmtt

L(Soo) — pm+1qn+1 _
—Apm(d"T = 1)

if p = £1 (mod 8), ¢ = £1 (mod 8) or p = £3 (mod
8), ¢ = £3 (mod 8), and otherwise

L(soo) — pm+1qn+1 _ Ap7m(qn+1 _ 1) _ Aqm(pm-&-l _

, if 7("“)('1 D=9 (mod 2),
if 7(714-1)((1 D=1 (mod 2),

if 1+ 7@“)(1) V=g (mod 2),
if 1+ 7(7”“)(1) D=1 (mod 2).

2.1 Properties of the Generalized Cyclo-
tomic Classes

Lemma 1. Let o be a primitive N-th root of unity in
the field Fos for 6 = ordn(2). Let (t,pg) =1, 0 < u <
m+1, 0<v<n+1.

1) Suppose that 0 < a < m and 0 < b < n. Then we

have
0, if u<m-—aorv<n-—=b,
Z o, if u=m—a,
leGs™™
tp“q’l _ -1 )
Z a a-= if u=m—a, v>n-—20,
1eG{® pgl
7 if u>m-—a, v=n-—0b,
0, if u>m—a, v>n-—>=.
2) Suppose that 0 < a < m and b = n+ 1. Then we
have
Z QP — L if u=m-—a,
) 0, if u#m—a.
leglenth

3) Suppose that a = m+1 and 0 < b < n. Then we

have
Z atp“q“l — 17 Zf v="n— ba
0, if v#n—0>.
leGé’rrz+1,b)
Proof. See Lemma 2.4 in [6]. O

1) —1,

v=mn-—0>b,
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According to [10], Whiteman’s generalized cyclotomic
classes of order d are defined by

; -1)(g—-1
Di:{gsxztszo71’...7w_l}’

where i =0,1,--- ,d — 1. Clearly,

s(at)

Z;q:U?;olDi» D;ND; =0 for i # j.

Lemma 2. D,;Dj = D(i+j) mod d where i,j = —
0,1,--,d—1.
Proof. This is Lemma 1 of [13]. O
41
Lemma 3. 2 € U Dy; if and only if p = £1 (mod
§=0
8), ¢ = +1 (mod 8) or p = £3 (mod 8), ¢ = +3 (mod =
41
8); 2 € U Dsji1 if and only if p = £1 (mod 8), ¢ =
7=0

£3 (mod 8) or p==+3 (mod 8), ¢ = £1 (mod 8).
Proof. See Theorem 5 in [13]. O

2.2 Proof of Theorem 1

According to Equation (4), the linear complexity of s>
can be computed by

Then by Lemma 1 we have

n
Z Z apuqvxkghl

b=0 leGémﬂ,b)

Z aw2i+1puqvwkghl

=0b=0 i=0 jcla®)

E P 1!

1+ ot

R EE o

Case I: For 0 < v < m and 0 < v < n, from Equation (5)

L(s®)=N—[{t:s(a’) =0, 0<t <N},

where « is a primitive N-th root of unity in the field Fys
for § = ordn(2).

We note that G,(ca’b) = p*q°Gy = p*qPz* Gy = J;kGéa’b)
for0<a<m,0<b<n,and

s(at)

m—+1n+1 m n %*

. (a,b) (m+1,b) (a,b)
e=UJU Ua UG UU U ez
a=0 b=0i€l, a=0b=0 i=0

Hence
s(a) = E at
JEQ
= E atj
d
. n 41,b) | 1m n o1 b
JEUb:OG(()m+1 )Ua:()Ub:()Uizz ng_‘_f
n m n %_1
2i+1
D IED DD D) DD DD DI
= +1,b =0 b=0 i= b
b=0 jc(m+1:) a=0b=0 i=0 jc(at)
Since

m n d—1 n+1

zy = J U Urdcr U P Ly U Ly,

a=0b=0 k=0 S(Qt):

any t € Zy can be written as t = p“qUzFg" for 0 < u <
m+1,0<v<n+1,0<k<d-land 0<h<e-—1.

IO

we have

d4_q n
S VDM D O
=0 lEG(m " b>ifv
p—1 <
P
a>m—u

o

(»=1)(a=1)
d_q == _y

[N

_ 1 + Z Z a$21+1+1«p'm,qngr

1=0 r=0

w\@.

P4l
1=0 €D (2i414k) mod d

v(ig—1) u(p—1)
2 2

+

which implies that

4
2

Z Z ap771q7‘bl

=0 l€D(2i414k) mod d

v(g—1)  ulp—1)
5 T 2

=1+ (mod 2).
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By Lemma 3, if p = +1 (mod 8), ¢ = +1 (mod 8)

p = =£3 (mod 8), ¢ = £3 (mod 8), then E = F = ¢ and
. mon o=l ab hence quab:%and
t:s(a):O,tEUUquGk
a=0b=0 k=0 m n d—1
o P (p— 1) (g - 1) Ht tstah)=0.te JU U paquGk}
= Z Ap.gab d ) a=0b=0 k=0
a=0 b=0 m n
_ ZZ "¢’ (p—1(g—1)
where g et 2
A _ [ B i 14 M) 4 el — g (mod 2), _ " =D 1)
b F, it 142Dy “(P o) = (mod 2), 2
If p=+£1 (mod 8), ¢ = £3 (mod 8) or p = +3 (mod
for 8), ¢ = £1 (mod 8), then £ = F = 0 and hence
4 Ap g.ap=0and
E=|{k: Z > o =0k =0,---,d—1}], moonod-1
1=0 ZGD(21+1+k) mod d |{ at) - O, t S U U U paquk}| = O
a=0b=0 k=0
4 Case IT: For u = m+1 and 0 < v < n, from Equation (5)
F:‘{k Z Z pmqnl:17k207"' ad_1}| we have
=0 1€D(2i414k) mod d S(Oét) 14 (m + 1;(17 - 1)7
On the other hand, since s(X) € Fy[X], it follows that
d_
s(al)? = s(a®). If 2 € U;:OlDQj, then by Lemma 2 we and
have Dp-1
S(Oét)20<:>1—|——(m+ ;(p ) =0 (mod 2).

s(a')? =

d_q
3
SEES SIND SR
=0 l€D (25414 k) mod d
v(g—1)  ulp—1)
+ D) 9
= s(ah).

In this case s(a') € {0,1}.
Note that a?™?"
an extension field of Fy and

S(Oé2t)

m\g.

41

P IED o DRUEET

i=0 1€ Do, i=0 1€Dg; 11
41
If2 e U Dsyjy1, then by Lemma 2 we have
=0
s(a)? = s(a®)
41

- 14 Z Z a2pmqnl
=0 l€D (25414 k) mod d
vlg—1)  ulp-1)
2 2
)+ 1.

+
= st
) ¢ {01}

Thus s(a?

is a primitive pg-th root of unity in

So we conclude that

|{t :s5(af) =0, te U pmﬂqbZ}"vH
b=0
n
= Ay 0" (q—1) = Apn(g" — 1),

b=0

Case II: For 0 < u < m and v = n+1, from Equation (5)
we have

ty _ (n+1)(g—1)
@) ="

from which we obtain

(n+1)(g—-1)

s(a!) =0 <= = 0 (mod 2).
Therefore
|{t :s5(af) =0, te U paq”HZ}‘VH
a=0
=Agn Y D" (p—1) = Agun(p™ T — 1),
a=0

Case IV: For v = m+1 and v = n+1, from Equation (5)
we have
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Putting everything together, we complete the proof of
Theorem 1. O

Remark 1. It is not hard to show that

A _ 1, if ¢=1 (mod 4),
0 = 0, i g=3 (mod 4),
A _ 1, if p=3 (mod 4),
PO 0, i p=1 (mod 4)

It is obvious that our results are entirely consistent with
those in [13].

3 Autocorrelations

Let (5) denote the Legendre symbol modulo p, and (E)

the Legendre symbol modulo ¢. In this section, we deter-
mine the exact values of autocorrelation of s>

Theorem 2. Let s be the N-periodic binary sequence

defined as in Equation (1) with I, in Equation (3)

for defining Q. For 1 < w < pmHg"tl — 1 with

(w,p”hLl "*1) = p®g®  the autocorrelation of s> sat-
ptq

q
isfies
s (1-C0F) - (3) (5) -2

Zf G,O:O, b():O7
_p’m—i-l) + qn-‘rl _ 47

if ap=m+1, by =0,

"1 =g+ pm

Zf CL()—O bo—n+1,

P qn bo +pmqn b0+1(1_q0

o

if ag=0, 1<b § n,
pm aoq +q pm a0+1 _
+(1- %) ( ) ( 5) -2
Zf 1§a0§m bo—O
"t (1—p™th
+qn*bo+1(1 o qbo)(l _ perl) + qn+1
if ag=m+1, 1<by<n,
pm—ao(l _ qn+1)
Apm T (1 = pr)(L = ¢" ) + p™
if 1<agp<m, bp=n+1,
pm—agqn—bo +pm—a0qn—bg+1(1 _ qbo)
+qn—bop77L—a0+1(1 _ pag)
+pm—ao+1qn—bg+l(1 _ pao)(l _ qbo)
%0 g0

+(1—(—1)”3q)-<' 2 )(

if 1<ag<m, 1<by<n.

q"(1

)

_47

_w
%0 40
q

)

Remark 2. Theorem 2 shows that the autocorrelation
values of s*° are quite good.

3.1 Certain Identities Involving Charac-
ter Sums

To prove Theorem 2, we need the following identities.

Lemma 4. Assume that 1 < w < pmtignt!
we have
plgntl_q plgntl_q
> 1= > 1
k=0 k=1
ok Pl
gt k+w gt k+w
P lgntl_q plgntl_q
D DN LD DI
k=0 k=1
0"k P
pmFl|ktw pmFlktw
pmtlgnt k4w pmHlgnt k4w
anrl - 47 Zf pm+l ‘ w,
=< pmth, if ¢t | w,
-2, if Pt tw and ¢" T w.

Proof. 1t is not hard to show that

prtlgntl_q

D

k=0
qrttk

gt k+w

1=

prtlgntl_q

D

k=1
pmtt|k
gt k+w

prtlgntl_q

D

k=0
qrtik
pm Tt k+w
PR

m+1qn+l -1

>

k=1
p'm+1 ‘k
p 1 k4w
p'm+1qn+1*k.+w

P

m+41
p )

0,

{

Lemma 4 is thus established.

Lemma 5. Assume that 1 < w < p

m—+1 n+1
q

— 1. Then

— 1 with

(W,Pmﬂqnﬂ) = p™g®. Then we have
m n pm+lqn+1_1 k k
z : paqb paqb
a=0 b=0 k=0 p q
(k,pmtigntl)=paq®
k4w
m n prtlgntti g b &
: :: : :: <paqb><paqb>
a=0 b=0 k=0 p q
(k,pm+lgn+1)=paq®
p | ktw

pmtlgntifktw
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q 1 k+w k+w
} : paq® paq®
a=0 b=0 k=0 p q
gk

(k+u},p7'L+1 qn+1 ):paqb
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3

prti-agnti—b_q

>

a=0 b=0 k=0 p q
pmH pegbktw
—w —w
- 90 ¢P0 %0 ¢b0
m n ptigntt_q k+w k+w p q ’
2 : 2 : peq® peq® =
a=0 b=0 k=1 p q
p |k

(kt+w,pmtigntl)=paqb

(1- (). (p) <>

q
Zf a’OSm7 b0§n7
0,

if ap=m+1 or bg=n-+1.

Proof. By the properties of the Legendre symbols and

complete residue systems we get

prtlgnti g
k=0
(k,pm+1gn+1)=pagb

gt k4w
prti-a

>y

a=0 b=0

k

) ()
) ()

n

hE

ntl-b_q

(]

e
Il
=)
>
Il
=)

k=0
(k,pg)=1
a1 p*gPk+w

n pm+17a

2

m ntl-b_q

a=

(=)
o

=0

o

qn+1 |pa qb k—‘r’Ll)

o

7N
=
N~~~
7 N
|
N~

3

qn+1—b

> ()
k1=0 q

1
qn+1 \pm+1qbk1+w

M-

Q
I
o
o

o

p7n.+17a_1 b
qun—&-l
<Y (P
ko=0

and

q —1 k k
Z pa qb pa qb
a=0 b=0 k=0 p q
(k,pmtigntl)=paq®

pm 1 | ktw
pmtlgnt k4w

if aoﬁma bOSna
p'rn+lfa n+1-—>b

>y

m n
a=0 b=0

-1
k=0

() ()

p/\a)’

pmHpegthtw

if ap=m+1 or bp=n-+1,
—w —w

_ pa(quO pa()qb[)

if aOSma bOSna

=]

if ap=m+1 or bp=n-+1.
Similarly, we have

m n

2.0

a=0 b=0

prtlgnti_

D

k=0

() () o
qn+1|k

(k4w,pmtiqntt)=peq®

and

m n pm+1qn+1_1 k+w k+w
Z Z Z peq® q"
a=0 b=0 k=1 P I

pmk
(k+w,pmTiqntl)=paqb

w

[ pogbo p“:;zbo
p qa )’

if aOSma bOSnv
0,

if ap=m+1 or bg=n-+1.

From Equation (6), Equation (7), Equation (8), and
Equation (9), we can get the conclusion of Lemma 5 di-
rectly.

O
Lemma 6. Assume that 1 < w < p™H¢g"t — 1 with
ii p’"“i"“‘l (paka> (P%b) (w,p" ") =p™q™. Then we have
a=0 b=0 k=0 p 1
(k,pmTigntl)=paqb
pmtlk+w

m n prtlgnti_

q 1 k
DI ( )
a=0 b=0 k=0 p
(k,pmtigntl)=paq®

pm,+1 |k+w
pmH1gntl| k4w

k
o [ P q"1 pazgbz pazgbz
q p

prLgntl

1 k
E : ( p1gbt
p
k=0
(k,pmtlgntt)=peigb

(k4w,pmtigntl)=paz g2

k+w k+w

q
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m o n

qa-,
Zf CL()ZO7 bQZO,

qn(l _pm,—i-l)7

Zf a0:m+1, b():O,

(1= g,

if ag=0, bp=n+1,
pmqnfbg +pmqn7bo+1(1 _ (]bo),

if ap=0,1<by<mn,
pm—aoqn + qnpm—ao+1<1 _ pao)’
if 1<ag<m, by=0,

p

if ago=m+1, 1 <by<n,
PO (L — gt pm Tt (1= pr) (L — g,
Zf 1<ag <m, b0:n+]—a
pmfaoqnfbg +pm7aoqn7bo+1(1 o qbo)
_|_qn—bopm—ag+1(1 _pao)
+pm—a0+1qn—bg+1(1 _ pao)(l _ qbo)7

if 1<ap<m, 1<by <n.

Proof. By the properties of character sums, greatest com-
mon divisors and complete residue systems we have

m m n n pmtignti_g k
IDIDID > R
a1=0a2=0by;=0by=0 k=0 p
a1>az b1 >bs (k7p7n+lqn+l):pa1qb1
(k4w,pmtigntt)=pe2gb2
k k+w k+w
Pl ght P2 g2 pi2gb2
q p q

m n n p

m m+1—a1qn+17b1_1 (k>
a1=0a2=0b;=00b2=0 k=0 p

ai1>az bi>by  (p*1¢Prktw,pmtlgntl)=p2qb2

p*lg®tktw p*lg®lk+w
% <k) pazgbz pazgbz
q p q

mtl—aggntl—by_q

m m n n p (k)
a1=0a2=0b7=0b2=0 k=0 p
ay>az b1>bo
p*2¢°2|lw
w
k a2 gba agz gb2
X( p2q p~2q
q p q
n4+1—by m41l—aq

( 2)
— _ p
a1=0a2=0by;=0b>=0 k1=0 ko=0

In the same way we obtain

m m n n pmtlgntl_1 k

IDIDIDD > i
a1=0a2=0b;=0b2=0 k=0 p
a1 >ao b1 <bs (k,p"L+lq7L+l):pa1qb1
(k+w,pmtiqntl)=pe2gba

¢ (L= ™) 4 gt (L = g) (1 - pm Y,

k k+w k4w
ay gb1 ag b2 ag o bo
o« [ 2a P24 P24 —0,
q p q
m  om  n n prtlgntl_q k
IDIDIND > .
a1=0 az=0 b1 =0 b= k=0 p
ai >a2 b1=b (k7p7n+lqn+1):pa1qb1
(k+w,pm+lgntl)=pa2gb2
k4w k+w
“1 q aquz pa2 qb2
=0,
q
m  om  n n prtlgntl_q k
IDIDIDD > .
a1=0a>2=00b;=0by=0 k=0 p
a1 <az b1 <bs (k7pm+lqn+1):pa1qb1
(k+w,pmt+lgntl)=pa2gb2
k k+w k4w
a1 gbl a2 qba ag o bo
X pP1q p~=q p~2q _ 0’
q p q
m m n n pm’+1q"’+1—1 k
IDIDIDD > v
a1=0a>2=0b;=0by=0 k=0 p
ar<az b1 >bo (k,pmtlgnt1l)=pe1gb1
(k+w,pm+igntl)=pa2gb2
k k+w k4w
p*igh p*2q°2 p2¢" | _
=Y
q p q
m  om  n n prtlgntl_g k
IDIDIDD > v
a1=0a2=0b;=00b2=0 k=0 p
a1 <az b1 =by (k;7pm+lqn+1):pa1qb1
(k+w,pm+igntl)=pa2gb2
k k+w k+w
p*igh p*2q°2 p2¢" | _
=Y
q p q
m  om  n n prtlgntl_q &
IDIDIND > s
a1=0a2=0b;=0by=0 k=0 p
a1 =as b1 <bo (k,pm+lgnt1)=pa1gbt
(k+w,pmt+igntl)=pa2qb2
k k+w k4+w
a1 gb1 ag b2 a5 gbo
o« [ 21a p°24q P24 —0,
q p q

m m n n pmTlgntli_q k
IDIDIDD > p
k=0
(k,pm+ignt1)=pa1gbt
(k+w,pmtlgntl)=pe2qb2

k k+w k+w
w [ Pira’ p*2q"2 p2¢" | _
q b q

Summarizing the results of the eight cases we obtain

m n m n mtlgntl_ g k.
DI > e
a1=0b; =0 a2=0 by=0 k=0
(k,pm+1gn+1)=pe1gb1
(k4w,pmtigntl)=pa2gb2

p



International Journal of Network Security, First Online Feb. 29, 2020 (VDOI: 1816-3548-2020-00013) 8

k k+w k+w
% p“lqbl pa2qb2 pa2 qb2
q p q

m m " n prtlgntl_q k
- Z Z Z Z Z pa1gbl
a1=0a2=0b7;=0b2=0 k=0 p

ai=as by =bs (k,pm+1gn+1)=pa1gb1

(k+w,pm+1gn+1)=paz gb2

k k+w k+w
% p“lqbl pa2qb2 pa2 qb2
q p q

m+l-a ntl-b_q

£ UET 00
0b=0 k=0 p q
(paqbk+w,p7'L+1q7l+1):paqb

() (1)
p q

ntl—b_q pmtl-a_y
S5 D S S
a=0 b=0 k1=0 ko=0 p

qb\lklpm+1qb+w pa szpaqn«#l 4w

klpm+1a) k2q7b+1—b + #
q p

X
q
n+1-—0b m+1l—a
q -1 p -1 _
_ }m: - Z Z (k2qn+1 b)
a=0 b=0 k1=0 ko=0 p
a b

p?l|w,q®||w gtk pmti4 - 2% ptk2q" T+ 2

klpm+1a) kog™ ™™ paqb
q p
— w
p2q®
)

X
m n n+1 b_ m+1 a
k n+1—b
Py Ty 2:(”p)
a:OI;}:O k1=0 ko=0

tHw (k1,9)=1 pthag"t1+%

y (k.lpm+1a) kog qb (klpm+1a>
q p q

n+1 b 1 pm+1 a_1q

>y (B
70 k1=0 ko=0 p
b|lw qtkip™ T 42 (k2,p)=1

X

(klpm“‘“) (k’zq"“‘b> p™ T e
q p q
n+1 b 1 p7n+1 [ (kzqn+1b)
a=0b=0 k1=0 k2=0 p
Pt w, g w (k1,q)=1 (k2,p)=

5 3D S >
() () ()

m T k) (Rt

M p°q
-3y = (9
pe||w,q?||w

m-+l—a

-1 w
SO
P p p

n

m
S 9 DTN
a=0 b=0
p*||w,gb+ 1w

(]

m+l-a_q

() (557)
P p p

m n
9 SR
a=0 b=0
Pt w,qbllw

P
X

(]

n+1l—>b

q -1 <k1> <I€1+ w )
X = P9
kim0 q q

n

+ Y Y PN p- 1) 1)
a=0 b=0
ptt|w,gb T w

S ACEUREE
a=0 b=0
p?[lw,q®|lw

+ ) > g1 (=)

(]

3

S

a=0b=0
po||w,qb 1w

Pt w,gb|w

+ 3> P -1 - 1)

a=0 b=0
P+, g+t |w

m

p"q",

if C(,O:O, b()ZO7
g"(1—pmth,

if a0:m+1, b():(),
P (1= ¢,

if ag=0, bg=n+1,
pmqn—bo +pmqn—bg+l(1 _ qbo)’

if ap=0, 1<by<n,
pm aoq +qn m— a0+1(1 _pao),

if 1<ag<m, by=0,

q" (L = ™) g (L = go) (1 - p ),
if aqp=m+1, 1 <by <n,
P (L= g ) 4 pm Tt (L = po)(1
if 1<ag<m, bp=n+1,
pmfaoqnfbo +pmfa0qnfbo+1(1 _ qb(])

+qn7b0pmfao+l(1 _pao)
+pm—a0+1q7z—bo+l(1 _pao)(l _ qbg)7
if 1<ap<m, 1<by<n.
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3.2 Proof of Theorem 2 with & = g™ 1) (mod ¢"+1), 0 < indy guir (K) <

For integer k, suppose that ged(k, N) = p%¢®, 0 < a < m, ¢"(q—1) — 1. Then we have

0 < b < n. Write k = p®q°k’, where ged(k’, N) = 1. Note
m—+1n+1

that 2 = U U U Gz(a’b), we have Z Z y(%i) X(k)

=0 b=04cl,
@ & la x mod N \i€l,

=1
k€ Q <= there exists i € I, such that k € p%q°G; Xx(gé)m
<= there exists i € I, ; such that k¥’ € G; P (p—1)—1q"(g—1)—1 "
i
> there exist i € Loy, 0< s <e—1 S Ze(—pm(pl_l))
such that k' = g*z* (mod N) kkll 0 ’:“2 0 i€lay
e(pmi—)e( i )=1
k2+k3>0
= & X Z > X ) =1 o |
zGI b 5=0 y mod N e (kllndg,pm+1 (k’)) . (kzlndg,anrl (k;/)> .
1 , o p(p—1) q*(¢—1)
= - Z x(k).z X(z') =1,
x mod N i€lqp
x(g)=1 It is not hard to show that
where > denotes the summation of all the multi-
x mod N
plicative characters y modulo N. Hence, e ( k1 ) e < ka > -1
pm(p—1) q"(qg—1)

. k1q"(q — 1) + kap™(p — 1
COREEEED DI D DR () PSRRI ‘:’e< lququ)jl)?;—(ﬁ) )>:1

x mod N \i€l,

x(g)=1 = p""(p— (g —1) [ k1q"(q— 1) + kop™(p — 1)
X#X mq"(p—1)(g—1 "(g—1 m(p—1
0 (:)pq(pd)(q )’qu (qd ) 4 1P (1:1 )
Every character x mod N can be factored in the form
X = X1X2, where x1 is a character mod p™*! and y; is a
character mod ¢™*!. Therefore we have Then we deduce
> X | ) oDy, Dy,
x mod N \i€l,, d ’ d
x(g)=1
XF#X0

Hence,

Z Z Z X (&)X (")
x1 mod p™+1 x5 mod g+l \i€lap
x1(9)x2(g)=1 —(i
> (2w
x mod N \i€l,
xx1 (K )x2(K) x(g)=1
XF#Xo0

> X | X ne) ] ad)xe). -y Y ¥ ( ( t))

d pm+l d gn+1 \4€l
X1 mocp e X2 mod q @b 0<t; <d—10<ty<d—1i€l, ;

Xl)((gl)éii)ozl t14+t2=0 ( mod d)
(1X t2+t2>0
Write o (tlilldg7pm,+1 (k‘l)) (tgindg)qrw—l (k/)>
e e
k:lind pm+1 (k)/) d d
iy = | e(FREET), Wa=1, . |
0 ¥op) > 1, Sl o 0 ) =y
kaind gni1 (k') / t=1 \iel d d
Wy = e (TEETT) . W =1, I ,
07 (k/MJ) > 1, xe (_ tlndg;q77‘+l (k )> ) (11)
d

where e(y) = €™, ind, ,m+1 (k') is the unique integer
with &' = ¢+t (mnod pmt1), 0 < indg pm+1 (k) <
p™(p—1)—1, and indy 4n+1 (k') denotes the unique integer By Equation (10) and Equation (11), together with the
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definition of I, ; we obtain

o (e

y (tindg,pmﬂ(k')) . (_tmdg,qjl(k'»

. <mdg’p;+1(k')) . <_indg,q;1(k')>
- ) &)

Then for 0 < k < pm g™t — 1, we have

! !
<k> (k> ,if k= pgK/,
p q

0<a<m, 0<b<n, (K,pg =1,

(*I)Sk - L
if qn+1 | k‘,
-1

)

if pm |k, k> 0.

For 1 < w < pmtlgntt — 1 with (w,p™"'¢"t") =

p™ g, we get

Pt g
Cow)= Y (-
k=0
m n m n pmTlgntl—1
a1=0b1=0a2=00b=0 k=0

(k,pmtigntl)=pe1gh1
(k+w,pmtigntt)=p2q®2

k k k+w k+w
pa1gbl pa1gb1 pa2gb2 pa2gb2
prtlgntl k
Z < paqb ) ( paqb >
—0 p q

(k,pmtigntl)=paq®
qn+1 |k+w

prtlgntli_q E k
Z pagb pagP
=0 p q

(k,pm+1gn+1)=pagb
pm k4w
an+1 qn+1J[k+w

n p q

m mAlgntl_g k+w k+w
Z ( paqb ) ( paqb >
a=0 b=0 k=0 p q

qn Ttk
(k4w,pm+iqntl)=pq®

m n ptlgntl_q k+w k+w
_} :} : 2 : p2q® peq®
a=0 b=0 k=1 p q

pmHlk
(k+w,pmtigntl)=pagb

pm+1qn+1_1 pm+1qn+1_1
D SEEEE D DI
k=0 k=1
gtk pmtl|k
q"+1|k+w q7z+1|k+w
pm+1qn+1_1 pm+1qn+1_1
— g 1+ E 1.
k=0 k=1
gtk pmtl|k
pm 1 k+w pm 1 k4w

pmH1gnt ikt pmtlgntitktaw

The statements of Theorem 2 then follows from Lemma 4-
Lemma 6.

4 Conclusions

In this paper we have proven the linear complexity and
autocorrelation values of a family of generalized cyclo-
tomic sequences of period N with any order d. The result
of linear complexity improves certain statement of [6] and
the result of autocorrelation is new.

In 2012 Hu, Yue and Wang [6] gave a method for
computing the linear complexity of Whiteman’s general-
ized cyclotomic sequences of period p™ g™t (m,n > 0)
with any order d. The method is applied to comput-
ing the exact linear complexity of Whiteman’s general-
ized cyclotomic sequences of period pg with order 4 and
period p™*1g" ™! (m,n > 0) with order 4, respectively.
In fact, it is difficult to compute the exact value of A4, ,
for 0 < uw < mand 0 < v < n in the calculation for-
mula [6]. In this paper we determine the exact linear com-
plexity and the exact values of autocorrelation of White-
man’s generalized cyclotomic binary sequences of any or-
der d and period p™ g™ (m,n > 0) due to the different
definitions of the support set, which makes it easier to en-
sure the balance of these sequences.

The autocorrelation values of generalized cyclotomic
sequences with respect to p” for any n > 0 are calculated
in [7] by using formulas for the generalized cyclotomic
numbers of order 2. We can use the proof method of
Theorem 2 to calculate the autocorrelation values of these
sequences.

It seems more difficult to calculate the autocorrelation
values of generalized cyclotomic sequences. By making a
more detailed division on p’q"*'Z% and p™T1¢IZ%, Ke,
Li and Zhang [8] determined the linear complexity of a
new class of generalized cyclotomic binary sequences of
period p™*tlg"*tt (m,n > 0). However, the exact val-
ues of autocorrelation of these sequences have not been
calculated by now.

We will further study the autocorrelations of quater-
nary cyclotomic sequences over Fy of length 2p™.
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